A new construction for Hadamard matrices of orders 8t + 4  by Longyear, Judith Q
JOURNAL OF COMBINATORIAL THEORY, Series A 38, 99-104 (1985) 
Note 
A New Construction for Hadamard Matrices 
of Orders 8t+4 
JUDITH Q. LONGYEAR 
Wayne Rate University, Detroit. Michigan 48202 
Communicated by the Managing Editors 
Received May 13, 1983 
In Hadamard matrices of orders 8t + 4, there are usually four rows which agree 
on exactly one column. In fact, for t = 0, 1, 2 such a “Hall set” always occurs. This 
is obvious for t = 0, 1 and Hall has shown this for t = 2. When t = 3, the evidence 
indicates that nearly all H(28) have a Hall set. (Nearly the opposite seems to be 
true for matrices H(8f).) I f  a Hall set is assumed to exist for some Hand some Z, the 
remaining rows fall into 4 sets which determine 16 submatrices of order r. Several 
well-known techniques may be applied to such a configuration, and give immediate 
eXaIt@eS for t = 1, 2, 3, 4. 0 I985 Academic Press, Inc. 
I. INTRODUCTION 
Let H be a Hadamard matrix of order 8t + 4 and suppose rows R, S, 
T, H agree on exactly one column. By permuting and negating rows and 
columns where necessary we may put H into the standard form 
1-- 1 f -f -f f 
1 - 1 - f -f f -f 
1 l- - s f -f -f 
1 1 1 1 -f -f -f -f 
-e e e e A, B, C, D, 
e -e e e 4 A2 D2 C2 
e e -e e G 4 A, B, 
e e e -e D4 C, B, A4 
where f=(l 1 ... 1) has length 2t; the vector -e = f '; the A, have row 
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and column sums both -2; the B,, Ci, and Di have row and column sums 
0; and 
A,AI + B,B,! + CiCc! + DiD; = (8t + 4) I- 45, (1) 
with J the matrix of all l’s and whenever i# j, 
A,B; + BiA; + CiD; + DiC; = 0 (2) 
A,C; + C,A; + B;D,! + DiB; = 0 (3) 
AiD; + D,A; + B,C; + C,B; = 0. (4) 
Following the lead of Williamson, Baumert, Hall, and Turyn (see [l-5, 
7, 81 or [6, Chap. 8.6 ff.]), it would now be natural to take all Ai to be the 
same symmetric circulant matrix, make similar assumptions for the Bi, Ci, 
and Di and look for interesting properties of the 2tth roots of unity which 
would provide us with new Hadamard matrices. Unfortunately, this 
approach fails for t = 1, 2, 3, 4, 5, 6, 8, and 14 at least. 
For small t, the restriction to symmetric circulants is simply too heavy, 
although there may be examples for large t. 
Relaxing the symmetry condition, but retaining the circulant structure, 
we obtain the following matrices. 
t=l QI 0 0 0 t=2 0 02 01 01 
00 0 1 13 0 23 01 
0 1 0 0 12 03 0 02 
1100 12 12 13 0 
t=3 24 015 014 014 t=4 026 0145 0123 0136 
234 24 014 235 1256 026 0235 4567 
134 134 24 015 1234 1247 026 0145 
134 025 234 24 1346 0567 1256 026 
The notation used is that for difference sets. Thus “015” under t = 3 
corresponds to the matrix having + 1 in row i at entries i, 1 + i, 5 + i 
(modulo 6), and - 1 elsewhere. 
II. CIRCULANT RESTRICTIONS 
Much of the theory of circulants can profitably be applied here, even 
without symmetry. To this end, then, let T’ be the &l matrix 
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T’= (6(i+ I, j)), so that (T’)‘=(T’)-‘= T-‘; 
circulants, we can write 
then if Xi= A;, Bi, Ci, Di are 
2r- 1 
Xi= c xiTi with xi= +l. 
i=O 
The row and column restrictions become 
2r- 1 
;& ai= -2 
ZI- 1 
and for y = 6, c, d all of 1 y, = 0. 
i=O 
Let c1= cis(n/t), then the matrix U = (l/,,&)(a”) satisfies a*@ = Z and 
%!*T%=d(l, a, a2 ,..., a2’-’ ), whence @*J@= A(2t, 0 ,..., 0) and %*X@= 
A(C xi, C x,ai, C xia2’ ,... ). Let X(o) = C xi& for o = 1, 2 ,..., a2’- ’ then Eqs. 
(1) and (2) become for i #j 
A(o) A*(w) + B(o) B*(o) + C(o) C*(o) + D(o) D(o*) = 4 o=l 
=8t+4 w#l 
(la) 
Ai By* + B,(W) Am*+ C,(W) Do* + D,(W) Ci*(w)=O. Pa) 
Equations (3) and (4) are transformed as is (2). Since A(1) = -2 and 
Y( 1) = 0, the first of each set of equations is true. Since 2t is even, we need 
a solution for w  = -1, 4(a2 + b2+ c2 + d’) = 4(2t + l), which of course we 
have. It should be noticed that if p(w) = 1 + w  + w2 + ... + w2’- I, then 
each of the sets of matrices in the preceding section gives 
A(w) A*(w) + ... + D(w) D*(w) = 8t + 4 - 4p(w). 
III. SPECIAL SOLUTIONS 
The easiest non-symmetric solution would be 
A B c c 
-B A C -c 
-C* -C* A B 
-C* C* -B A 
with A and B symmetric, since then only A2 + B2 + 2CCT= (8t + 4) I- 45 
would need to be verified for Eqs. (2a), (3a), (4a). 
The requirements would then be, assuming C ai= -2 and taking 
b,=c,= +l, 
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t = 4s 
a,= -a, 
b,= 1 
8s + 1 = (41x f 1)’ + 16b2 + 8y2 
t=4s+ 1 
a,=uo= +l 
b,= -1 
8~+3=16~1~+(4~+1)*+2(2y+l)~ 
t=4s+2 
a,= -a, 
b,= 1 
8s + 5 = (4tx + 3)2 + 4(2p + 1)’ + 8y2 
t=4s+3 
u,=a,= +l 
b,= 1 
8~+7=4(21~+1)~+(4fl+3)~+2(2y+l)~. 
IV. EQUIVALENCES FOR t= 2,3 
For t = 2, the restrictions that Ai = 0 and Bi = 02 or 13 force all to be in 
Hall’s [3] grouping B.l or B.2 and so they are equivalent to Hall’s P, the 
Paley matrix at n = 20. 
For t = 3, the representation 7 = 22 + 3.1 2 is unique, so either A has all 
odd coefficients - 1 and two positive even coefficients, or all even coef- 
ficients - 1 and two positive odd coefficients. In either case, AA*(n/3) = 
AA*(2rc/3) = 16. 
The other three matrices must have x3 = 1. If x2 = xq = -1 then 
x,+x3+.x5= 1. If x2+xq=0, then X,+X,+X,= -1. All give Xx*(71/3) 
and XX*(2n/3) = (4, 12) or (16,0), so we need B with BB*(x/3) = 16 and a 
pair of C, D giving 4 at n/3. Since pre- and postmultiplication by any 
powers of T preserve these qualities, we may conjugate H by some suitable 
TP 0 0 0 
0 F 0 0 
0 0 T 0 
0 0 0 T 
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to make all Ai = (2,4). Since A( - 1) is so heavy and B(2~/3) = 0, we must 
have X,A along with A . Xi, and in fact H = 
A B, C, C3 
rB2 A SC2 tC4 
UC-5 G A XB, 
WC, zCp yB, A 
If B, and B, (or B, and B4) are both symmetric or both not, then r (or 
~1) = - 1 or ( - x). Otherwise, they are the opposite. Thus p( rr/3) = (C,CF +_ 
C,C:)(n/3) has real part 0 or 12 and must therefore be p(z/3) =0 or 
p(7c/3)= 12?4J? or + 83. Moreover p( - 1) = p(2n/3) = 0. 
The C are in two classes; C,,(7r/3) = 2 and C,(2rr/3) = +2& and 
C,(rr/3) = f 1 f ifi and C,(2n/3) = 3 + ia. For ACT and C,A to cancel 
at 2~13, we must have Ci= kc*. 
Thus if SC, CT + tC,C,* works, so must UWC’:C, + vzC~Cq. By suitable 
conjugations, there are thus three types. 
Type 1. C, and C3 in class s and Cz and C4 not. No solution of Cs leaves 
enough B’s. 
Type 2. All C in class s. 
Qpe 3. All C in class 1. 
Type 2 yields 3 matrices, all with B= (0, 1, 5). 
A B c, c3 
-B A c2 -c, 
-C: -C: A B 
-c,* C,*-B A 
C,=C*=C,=Cq=(O, 1,4) 
c, = c3 = c: = c,* = (0, 1,4) 
c,=cq=c:=c3*=(0,1,4). 
Type 3(a) has B= (0, 1, 5) and four cases 
(2.1) 
(2.2) 
(2.3) 
A B Cl c2 
-B A c2 --Cl 
-C:: -C: A B 
-C: C: -B A 
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c, = c2 = (0,3,4) (3.1) 
c, = (0,3,4) and C?=(2,4, 5) (3.2) 
c, = C&3,5) and c2 = (0,3,4) (3.3) 
c, = c, = (0, 3, 5). (3.4) 
Equation (3.3) is equivalent to (3.2). Type 3(b) has B, = B, = (0, 1, 5), 
B, = (0, 1, 2), and eight cases. 
A BI C, C3 
-B, A G c4 
-C,* -Cf A xB, 
-C; -C,* -xB: A 
CI C2 C3 c4 x 
8.1 0, 3,4 1, 2, 5 0, 2, 3 0, 3, 5 1 
8.2 0, 394 0, 193 0, 2, 3 1,4,5 1 
8.3 0, 3,4 2,4, 5 0, 3, 5 0, 3, 5 1 
8.4 0, 193 274, 5 0, 3, 5 0, 2, 3 1 
8.5 0, 374 0,394 0, 2, 3 1,2,4 -1 
8.6 0, 394 274, 5 032, 3 0, 2, 3 - 1 
8.7 0, 3, 4 0, 1,3 0,395 1,2,4 -1 
8.8 0, 193 0, 1,3 0, 3, 5 1,4,5 -1 
Note (8.i + 4)’ = 8.i. 
Since the classification of the H28 is still under way, there is little point 
in deciding how many of these 15 matrices are Hadamard inequivalent. 
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